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FIBER INVARIANTS OF PROJECTIVE MORPHISMS AND
REGULARITY OF POWERS OF IDEALS
SANKHANEEL BISUI, HUY TA`I HA`, AND ABU CHACKALAMANNIL THOMAS
Abstract. We introduce an invariant, associated to a coherent sheaf over a projective
morphism of schemes, which controls when sheaf cohomology can be passed through the
given morphism. We then use this invariant to estimate the stability indexes of the regu-
larity and a∗-invariant of powers of homogeneous ideals. Specifically, for an equigenerated
homogeneous ideal I in a standard graded algebra over a Noetherian ring, we give bounds
for the smallest values of power q starting from which a∗(Iq) and reg(Iq) become linear
functions.
In honor of Professor Leˆ Va˘n Thieˆm’s centenary
1. Introduction
A celebrated result, proven independently by Kodiyalam [28] and Cutkosky, Herzog and
Trung [13], states that if I is a homogeneous ideal in a standard graded algebra over a field
then the regularity of Iq is asymptotically a linear function; that is, there exist constants d
and b such that reg(Iq) = dq+ b for all q ≫ 0. This result was extended to standard graded
algebras over a Noetherian ring by Trung and Wang [37] (see also [2, 38] for the G-graded
situation, where G is any abelian group). A similar statement for the closely related a∗-
invariant and, more generally, all the a-invariants was established by the author in [19] and by
Chardin in [10]. The constant d was implicitly described in [28] and made more precise in [37].
It has been an important problem since then to understand the constant b and the minimum
power starting from which reg(Iq) becomes a linear function (cf. [4, 10, 11, 12, 14, 16, 19, 32]).
Computing these invariants for special classes of ideals have also been the subject of many
recent works (cf. [1, 3, 5, 6, 9, 18, 21, 22, 25, 26, 27, 29, 31, 33, 34]).
Much of attention was paid toward the particular case when I is equigenerated. Let A
be a standard graded algebra over a Noetherian ring A0, and let I = (f0, . . . , fm) ⊆ A be a
homogeneous ideal generated by (m+1) forms of degree d > 0. Let X = ProjA ⊆ PnA0, let X
be (the closure of) the image of the rational map ϕ : X 99K PmA0 defined by [f0 : · · · : fm], and
let X˜ be the blowup ofX centered at I. Then, X˜ can be naturally identified with (the closure
of) the graph Γ of ϕ inside the bi-projective space PnA0 × P
m
A0
. Under this identification, the
morphism pi : X˜ → X , induced by the projection map PnA0 × P
m
A0
→ PnA0, coincides with the
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schemes.
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blowing-up morphism of X centered at I. We have the following diagram
X˜ ≃ Γ ⊆ PnA0 × P
m
A0
pi ւ ց φ
X
ϕ
−99K X ⊆ PmA0
It turns out that local invariants associated to the projection map φ in fact govern the
constants in the asymptotic linear forms of a∗(Iq) and reg(Iq), for q ≫ 0. More specifically,
in a series of work [10, 14, 19], it was proven that if a∗φ and regφ are the maximum a
∗-invariant
and regularity of fibers of φ (see Section 3 for precise definitions) then for all q ≫ 0, we have
a∗(Iq) = dq + a∗φ and reg(I
q) = dq + regφ .
The stability indexes of I, namely,
stabreg(I) = min{qr
∣∣ reg(Iq) = dq + regφ ∀q ≥ qr}
staba(I) = min{qa
∣∣ a∗(Iq) = dq + a∗φ ∀ q ≥ qa},
have also been investigated in [4, 12, 16] for A+-primary ideals, and in [11] for equigenerated
ideals. More precisely, let R = A[It] be the Rees algebra of I. Then, R carries a natural
bi-graded structure given by R =
⊕
p,q∈ZR(p,q), where R(p,q) = [I
q]p+dqt
q. We can also view
R as a Z-graded ring with R =
⊕
p∈ZR(p,∗) =
⊕
q∈ZR(∗,q), where
R(p,∗) =
⊕
q′∈Z
R(p,q′) and R(∗,q) =
⊕
p′∈Z
R(p′,q).
Particularly, R(p,∗) is a graded algebra over R(0,∗) = A0[It] and R(∗,q) is a graded algebra
over R(∗,0) = A. The following results have been obtained.
(1) [11, Proposition 6.7] Suppose that for any p ∈ ProjA, reg(Ap[Ipt]) = 0. Then
a∗(Iq) ≤ dq + a∗φ for all q > max
p>a∗
φ
{a∗(R(p,∗))}. (1.1)
(2) [12, Theorem 1.5] and [16, Theorem 1.1] (see also [4]) Suppose that I is a homogeneous
A+-primary ideal in a standard graded polynomial ring A over a field. Then, for all
q > a∗
(
R(a∗
φ
+1,∗)
)
, we have
reg(Iq) = dq + regφ . (1.2)
The goal of this paper is to extend the bound (1.1) in two directions. On one hand, we
shall show that the upper bound (1.1) holds without any restriction on I. Instead of imposing
the condition q > maxp>a∗
φ
{a∗(R(p,∗))}, we only need q > a
∗(R(a∗
φ
+1,∗)). The tradeoff is that
we shall also need q > a∗pi. In many special cases of interest, for example, when I satisfies
the condition of [11, Proposition 6.7] or when the Rees algebra of I is Cohen-Macaulay, this
requirement q > a∗pi is redundant (i.e., a
∗
pi ≤ 0). On the other hand, we shall achieve a lower
bound for a∗(Iq) and, as a consequence, utilize local and global invariants associated to both
projection maps pi and φ to give an estimate for the stability index staba(I) of I. We shall
now state our main theorem, leaving unexplained notations until later.
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Theorem 4.5. Let A be a standard graded algebra over A0 and let I ⊆ A be a homogeneous
ideal generated in degree d > 0. Let pi : X˜ → X be the blowup of X along the ideal sheaf
of I and let φ : X˜ → X be the natural projection onto its second coordinate.
(1) For all q > max
{
a∗pi, a
∗
(
R(a∗
φ
+1,∗)
)}
, we have
a∗(Iq) ≤ dq + a∗φ.
(2) For all q ≥ max
{
a∗pi + 1, reg
(
R˜(a∗
φ
,∗)
)
, regφ∗(OX˜(a
∗
φ, 0))
}
, we have
a∗(Iq) ≥ dq + a∗φ.
In particular,
staba(I) ≤ max
{
a∗pi + 1, a
∗
(
R(a∗
φ
+1,∗)
)
+ 1, reg
(
R˜(a∗
φ
,∗)
)
, regφ∗(OX˜(a
∗
φ, 0))
}
.
As a consequence of Theorem 4.5, if the a∗-invariant defect sequence {a∗(Iq)−dq}q∈N of I is
a non-increasing sequence, e.g., when A is polynomial ring over a field and I is a homogeneous
A+-primary ideal, then we have a
∗(Iq) = dq + a∗φ for all q > max
{
a∗pi, a
∗
(
R(a∗
φ
+1,∗)
)}
; see
Corollary 4.8. Particularly, we recover the equigenerated version of (1.2).
To prove Theorem 4.5, we investigate the vanishing of sheaf cohomology groups of I˜q(p+
dq), for p, q ∈ Z, where I˜ is the ideal sheaf of I on X . Our method for this investigation
is to lift these cohomology groups through pi to sheaf cohomology of O
X˜
(p, q) over X˜, then
push those cohomology groups through φ, and finally examine when the resulting sheaf
cohomology groups on X vanish.
To implement this method, we begin by studying the question of when sheaf cohomology
can be pushed forward and/or pulled backward through a projective morphism of schemes.
To this end, associating to a projective morphism pi : Y → X and a coherent sheaf F on
Y , we introduce an invariant a∗pi(F) that governs the higher direct images of F through
pi. Particularly, in Theorem 3.11, we establish basic vanishing and nonvanishing properties
of sheaf cohomology groups of F that are controlled by this invariant. Such an invariant
a∗pi(F) was first introduced in [20] in the study of arithmetic Macaulayfication of projective
schemes, and later used in [10, 11, 12, 19] in studying the a∗-invariant and regularity of
powers of ideals.
Acknowledgement. The authors would like to thank Marc Chardin and Ngo Viet Trung for
many stimulating discussions on the regularity of powers of ideals over the years. The second
named author is partially supported by Louisiana Board of Regents (grant #LEQSF(2017-
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2. Preliminaries
In this section, we collect important notation and terminology used in the paper. For
unexplained basics, we refer the interested reader to the standard texts [7, 23]. Throughout
the paper, all rings and schemes are assumed to be Noetherian.
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Regularity and a-invariants. Regularity was initially defined by Mumford [30] for coher-
ent sheaves on projective schemes. This notion was then generalized to finitely generated
graded modules over graded algebras (cf. [7]).
Definition 2.1. Let R be a finitely generated graded algebra over a ring A = R0. Let
X = ProjR and let F be a coherent sheaf on X . For an integer r ∈ N, we say that F is
r-regular if H i(X,F(r − i)) = 0 for all i > 0. The regularity of F is defined to be
reg(F) = min{r ∈ Z
∣∣ F is r-regular}.
Since H i(X,F) = 0 for all i≫ 0, and H i(X,F(n)) = 0 for all i > 0 and n ≫ 0 (cf. [23,
Theorems II.2.7 and II.5.3]), reg(F) is a well-defined and finite invariant.
Definition 2.2. Let R be a finitely generated graded algebra over a ring A = R0. Set
R+ =
⊕
n>0Rn. Let M be a finitely generated graded R-module. For i ≥ 0, the i-th
a-invariant of M is defined to be
ai(M) =
{
sup
{
n ∈ Z
∣∣ [H iR+(M)]n 6= 0} if H iR+(M) 6= 0
−∞ otherwise.
The a∗-invariant and regularity of M are defined as follows:
a∗(M) = max
i≥0
{ai(M)} and reg(M) = max
i≥0
{ai(M) + i}.
It is well known that ai(M) < ∞ for all i ≥ 0, and that ai(M) = −∞ for all i ≫ 0 (cf.
[7, Theorem 15.1.5] and [10, Theorem 2.1]). Thus, a∗(M) and reg(M) are well-defined and
finite invariants.
Remark 2.3. Let X = ProjR be a projective scheme over a ring A, and let F be a finitely
generated graded R-module. Let F be the coherent sheaf on X associated to F . Then, the
Serre-Grothendieck correspondence gives
reg(F ) ≥ reg(F).
Coherent sheaves and Serre-Grothendieck correspondence. Let R be a standard
graded algebra over a ring A and let R+ =
⊕
n>0Rn be its irrelevant ideal. Let X = ProjR
and let F˜ be a coherent sheaf associated to an R-module F on X . The Serre-Grothendieck
correspondence gives a short exact sequence
0→ H0R+(F )→ F →
⊕
n∈Z
H0(X, F˜ (n))→ H1R+(F )→ 0,
and isomorphisms, for i ≥ 1,
H i+1R+ (F ) ≃
⊕
n∈Z
H i(X, F˜ (n)).
Definition 2.4. Let pi : Y → X be a projective morphism of projective schemes. Let F be
a coherent sheaf on Y . Define
regpij (F) = reg(R
jpi∗F) and reg
pi
∗ (F) = max
j≥0
{reg(Rjpi∗F)}.
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Note that pi∗F and R
jpi∗F are coherent sheaves onX and that R
jpi∗F = 0 for all j ≫ 0 (cf.
[23, Proposition III.8.5 and Theorem III.8.8]). Thus, regpij (F) and reg
pi
∗ (F) are well-defined
and finite invariants. The following lemma is a well known consequence of the definition of
regularity.
Lemma 2.5. Let pi : Y → X be a projective morphism of projective schemes and let F be a
coherent sheaf on Y . Let OX(1) be a very ample invertible sheaf on X. Then for all j ≥ 0
and q ≥ regpij (F), R
jpi∗F ⊗OX OX(q) is generated by global sections.
Proof. The assertion follows from [30, Lecture 14]. 
Blowing-up morphisms and bi-projective schemes. Let X be a scheme and let S be
a sheaf of graded OX-algebras. The Proj of S is defined as follows (cf. [23]). For each open
subset U = SpecA of X , let SU = Γ(U,S
∣∣
U
). Then SU is a graded A-algebra. Consider the
projective scheme ProjSU and its natural morphism piU : ProjSU → SpecA. These schemes
and morphisms glue together to give a scheme ProjS, a natural morphism pi : ProjS → X ,
and an induced twisting sheaf O(1) on ProjS (note that O(1) is not necessarily very ample
on ProjS).
Definition 2.6. Let X be a scheme and let I be a coherent sheaf of ideals on X . Consider
the sheaf of graded OX-algebras R =
⊕
n≥0 I
n. The blowup of X along I is defined to be
ProjR together with the natural blowing-up morphism pi : ProjR → X .
When X is an affine scheme, the blowup of X along an ideal sheaf is closely related to
the familiar notion of Rees algebras, which we shall now recall.
Definition 2.7. Let A be a Noetherian ring and let I ⊆ A be an ideal. The Rees algebra of
I is defined to be the graded A-algebra
A[It] = A⊕ It⊕ I2t2 ⊕ · · · ⊆ A[t].
By construction, if X = SpecA is an affine scheme and I ⊆ A is an ideal then the blowup
of X along the ideal sheaf of I is given by pi : ProjA[It]→ SpecA.
Lemma 2.8 ([20, Lemma 1.1]). Let A be a Noetherian ring and let R = A[It] be the Rees
algebra of an ideal I ⊆ A. If R is a Cohen-Macaulay ring then a∗(R) = −1.
For the purpose of this paper, we are particularly interested in the blowup of a projective
scheme. Let A be a standard graded algebra over a ring A0 and let I ⊆ A be a homogeneous
ideal. The Rees algebra A[It] of I, in this case, also carries a natural bi-graded structure,
namely A[It] =
⊕
p,q∈Z(I
q)pt
q. We can define the bi-projective scheme Bi-Proj A[It] of A[It]
with respect to this bi-graded structure.
Lemma 2.9. Let A be a standard graded algebra over a ring A0 and let X = ProjA. Let
I ⊆ A be a homogeneous ideal and let I be the ideal sheaf on X associated to I. Then, the
blowup of X along I is naturally identified with the bi-projective scheme Bi-Proj A[It].
Proof. As before, let R =
⊕
n≥0 I
n and let X˜ = ProjR be the blowup of X along I.
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Consider any point p ∈ X , and let A(p) denote the homogeneous localization of A at the
homogeneous prime ideal p ⊆ A. Then, U = SpecOX,p = SpecA(p) is an open neighborhood
of p in X . Moreover, we have Γ(U,R
∣∣
U
) = A(p)[I(p)t]. Thus, X˜ is obtained by gluing the
affine blowups ProjA(p)[I(p)t] → SpecA(p) for p ∈ X . The twisting sheaf on ProjA(p)[I(p)t]
is given by I(p)OProjA(p)[I(p)t]. Since, by definition, Ip = I(p) for all p ∈ X , these sheaves glue
together to give IOX˜ = OX˜(1), which agrees with the twisting sheaf of X˜ .
This construction gives X˜ a bi-projective structure, which is the same as the bi-projective
structure of Bi-Proj A[It]. Hence, we have X˜ ≃ Bi-Proj A[It]. 
3. Fiber a-invariants
The aim of this section is to introduce the a∗-invariant and regularity associated to a
coherent sheaf over a projective morphism of schemes, and to show that these invariants
govern when sheaf cohomology groups can be passed through the given projective morphism.
For simplicity of notation, throughout this section, unless stated otherwise, we shall be in
the following setup.
Setup 3.1. Let X be a scheme and letR be a sheaf of finitely generated graded OX -algebras.
Let Y = ProjR and let OY (1) be the induced twisting sheaf on Y . Let pi : Y → X be the
resulting projective morphism, and let F be a coherent sheaf on Y .
For an open affine subset U = SpecA ⊆ X , let
RU = Γ(U,R
∣∣
U
) and FU = Γ(U,F
∣∣
U
).
Then, by construction, RU is a finitely generated graded A-algebra and FU is a finitely
generated graded RU -module. Thus, the a-invariants and regularity of FU are defined as in
Section 2. We shall extend these notions to define the fiber a-invariants and regularity of F
over the morphism pi as follows. Our construction is slightly more general than that given
in [10], where similar invariants, introduced in [19, 20], were generalized to coherent sheaves
over P(E) for a locally free coherent sheaf E of finite rank on X .
Definition 3.2. Assume that we are in Setup 3.1.
(1) Let p ∈ X and i ≥ 0. The i-th local a-invariant of F at p is defined to be
aip(F) = a
i(FSpecOX,p) and regp(F) = reg(FSpecOX,p).
(2) The fiber a-invariants and regularity of F over X are defined to be
aipi(F) = sup
p∈X
{aip(F)}, a
∗
pi(F) = max
i≥0
{aipi(F)},
regpi(F) = sup
p∈X
{regp(F)} = max
i≥0
{aipi(F) + i}.
(3) Define rpi(F) = min{r
∣∣ a∗pi(F) = arpi(F)}.
When there is no confusion, we shall often write a∗pi and regpi for a
∗
pi(OY ) and regpi(OY ).
Lemma 3.3. For any p ∈ X and i ≥ 0, we have aip(F) <∞ and a
i
pi(F) <∞. In particular,
a∗pi(F) <∞ and regpi(F) <∞.
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Proof. The second statement follows from the definition of a∗pi(F) and regpi(F). Also, by
definition, aip(F) < ∞ for any p ∈ X and i ≥ 0. We shall complete the proof by showing
that aipi(F) <∞.
Since X is a Noetherian scheme, X is quasi-compact and, thus, can be covered by a finite
number of affine schemes. Thus, without loss of generality, we may assume that X = SpecA
is an affine scheme. In this case, R is a graded A-algebra, and F is a finitely generated
graded R-module. In particular, we have ai(F) <∞.
Observe that RSpecOX,p = R⊗A Ap and FSpecOX,p = F ⊗A Ap. For simplicity of notation,
set Rp = R⊗A Ap and Fp = F ⊗A Ap. Since local cohomology commutes with localization,
we have
H iRp+(Fp) = H
i
R+
(F)⊗A Ap.
This implies that for all p ∈ X , aip(F) ≤ a
i(F). Hence, aipi(F ) ≤ a
i(F) <∞. 
Remark 3.4. Inspired by the proof of Lemma 3.3, for any point p ∈ X , we shall set
Rp = RSpecOX,p and Fp = FSpecOX,p. Then Rp is a graded OX,p-algebra and Fp is a finitely
generated graded Rp-module.
Note also that for each n ∈ Z, the degree n piece (Fp)n of Fp is an OX,p-module. Let Fn
be the sheaf on X obtained by gluing sheaves (˜Fp)n on SpecOX,p for p ∈ X .
A particular situation that we are interested in is when pi : Y → X = ProjA is the
blowing-up morphism along the ideal sheaf of a homogeneous ideal I ⊆ A, and F is the
structure sheaf of Y . In this case, if F has good local properties, for example, F is locally
Cohen-Macaulay over X , or if I is nice enough, for instance, I satisfies the condition of [11,
Proposition 6.7], then we can effectively bound the invariants a∗pi and regpi.
Definition 3.5. The sheaf F is said to be locally Cohen-Macaulay over X if for all p ∈ X ,
FSpecOX,p is a Cohen-Macaulay RSpecOX,p-module.
Lemma 3.6 ([20, Lemma 1.2]). Let A be a standard graded algebra over a ring A0 and let
X = ProjA. Let I ⊆ A be a homogeneous ideal and let pi : X˜ → X be the blowing-up
morphism of X along the ideal sheaf of I. Then, a∗pi ≥ −1 and the equality holds if OX˜ is
locally Cohen-Macaulay over X.
Example 3.7. Let A = k[x0, . . . , xn] and let I ⊆ R be the defining ideal of a fat point
scheme in Pn. Let pi : P˜n → Pn be the blowing up of Pn along the ideal sheaf of I. In this
case, I has the form I =
⋂s
i=1 p
mi
i , where pi is the defining ideal of a closed point in P
n and
mi ∈ N.
Let p ∈ Pn be any point. Observe that if p 6= pi ∀ i then A(p)[I(p)t] = A(p)[t] is a polynomial
ring over A(p), and so it is Cohen-Macaulay. If, on the other hand, p = pi for some i, then
A(p)[I(p)t] = A(p)[p
mi
(p)t] is the Veronese subalgebra of A(p)[p(p)t], where the later is Cohen-
Macaulay since p is a complete intersection. Thus, A(p)[I(p)t] is Cohen-Macaulay. Hence, in
this example, O
P˜n
is locally Cohen-Macaulay over Pn.
Example 3.8. Let A = k[xij
∣∣ 1 ≤ i ≤ r, 1 ≤ j ≤ s] and let I ⊆ A be the ideal generated
by t× t minors of the generic matrix M = (xij)1≤i≤r,1≤j≤s for some 1 ≤ t ≤ min{r, s}. Let
X = ProjA and let pi : X˜ → X be the blowing up of X along the ideal sheaf of I.
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By [15, Theorem 3.5] and [8, Theorem 3.3], the Rees algebra R = A[It] is a Cohen-
Macaulay ring. Let mR be the maximal homogeneous ideal of R. Then, H
i
mR
(R) = 0 for all
i < dimR. This implies that for any p ∈ X , H imR(R) ⊗A A(p) = 0 for all i < dimR. Since
local cohomology commutes with localization, it follows that A(p)[I(p)t] is a Cohen-Macaulay
ring for any p ∈ X . Hence, in this example, O
X˜
is also locally Cohen-Macaulay over X .
Note that by the same arguments as in Example 3.8, if the Rees algebra A[It] is a Cohen-
Macaulay ring and pi : X˜ → X is the blowup centered at I then O
X˜
is locally Cohen-
Macaulay over X .
Lemma 3.9. Let A be a standard graded algebra over a ring A0. Let I ⊆ A be a homogeneous
ideal such that for any p ∈ ProjA = X, reg(Ap[Ipt]) = 0. Let pi : X˜ → X be the blowup of
X along the ideal sheaf of I. Then a∗pi ≤ regpi ≤ 0.
Proof. Let R = A[It] and let R =
⊕
n≥0 I
n, where I is the ideal sheaf of I on X . For any
point p ∈ X , we have that OX,p = A(p) is the homogeneous localization of A at p. Thus,
RSpecOX,p = R⊗A A(p) = Ap[Ipt]⊗Ap A(p).
The assertion follows from the definition and a∗-invariant and regularity, the fact that local
cohomology commutes with localization. 
Example 3.10. Let A be a standard graded algebra over a ring A0. Let I be a homogeneous
ideal such that for any p ∈ ProjA, Ip is generated by a d-sequence (see [24] for more details on
d-sequences). This condition is satisfied, for instance, if I is a locally complete intersection.
Then, by [35, Corollary 5.2], for every p ∈ ProjA, we have reg(Ap[Ipt]) = 0. Hence, we are
in the setting of Lemma 3.9 and, in this case, we have a∗pi ≤ regpi ≤ 0.
The following theorem is the main result of this section, that establishes important prop-
erties of fiber a∗-invariant and regularity. This result plays the key role in our study of
stability indexes carried out in the next section.
Theorem 3.11. Assume Setup 3.1 and suppose further that X is a projective scheme. Let
OX(1) be a very ample invertible sheaf on X, and set a = a
∗
pi(F).
(1) For all n > a, we have
pi∗F(n) = Fn and R
jpi∗F(n) = 0 ∀ j > 0.
(2) If rpi(F) ≤ 1 then for all q ≥ max{reg(Fa), reg
pi
0 (F(a))},
H0(Y,F(a)⊗OY pi
∗OX(q)) 6= H
0(X,Fa(q)).
(3) If rpi(F) ≥ 2 then for all q ≥ reg
pi
∗ (F(a)),
Hrpi(F)−1(Y,F(a)⊗OY pi
∗OX(q)) 6= 0.
Proof. (1) For any point p ∈ X , let Yp = Y ×X SpecOX,p. Then, OYp = OY ×OX OX,p and
F(n)
∣∣
Yp
= F(n)⊗OY OYp = F(n)⊗OX OX,p = (F ⊗OX OX,p)(n). For any j ≥ 0, we have
Rjpi∗F(n)
∣∣
SpecOX,p
= Hj(Yp,F(n)
∣∣
Yp
)˜ . (3.1)
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The Serre-Grothendieck correspondence gives a short exact sequence
0→ H0Rp+(Fp)→ Fp →
⊕
n∈Z
H0(Yp,F(n)
∣∣
Yp
)→ H iRp+(Fp)→ 0
and isomorphisms, for i ≥ 1,
H i+1Rp+(Fp) ≃
⊕
n∈Z
H i(Yp,F(n)
∣∣
Yp
).
This, together with the definition of a∗pi(F), implies that for n > a
∗
pi(F),
H0(Yp,F(n)
∣∣
Yp
) = (Fp)n,
Rjpi∗F(n)
∣∣
SpecOX,p
= 0 for j > 0.
These hold for any p ∈ X . Hence,
pi∗F(n) = Fn and R
jpi∗F(n) = 0 ∀ j > 0.
(2) Set r = rpi(F). By definition,{ [
H iRp+(Fp)
]
a
= 0 for i < r and any p ∈ X,[
HrRq+(Fq)
]
a
6= 0 for some q ∈ X.
(3.2)
Since r ≤ 1, together with the Serre-Grothendieck correspondence, this gives
H0(Yq,F(a)
∣∣
Yq
) 6= (Fq)a.
Therefore, by (3.1), we have pi∗F(a) 6= Fa. Twisting by OX(q), we get pi∗F(a)⊗OX OX(q) 6=
Fa(q) for all q ∈ Z.
By Lemma 2.5, for all q ≥ max{reg(Fa), reg
pi
0 (F(a))}, both pi∗F(a)⊗OX OX(q) and Fa(q)
are generated by global sections. Thus, we obtain
H0(X, pi∗F(a)⊗OX OX(q)) 6= H
0(X,Fa(q)) ∀ q ≥ max{reg(Fa), reg
pi
0 (F(a))}.
Moreover, by the projection formula, we have pi∗(F(a)⊗OY pi
∗OX(q)) = pi∗F(a)⊗OX OX(q).
This implies that H0(Y,F(a) ⊗OY pi
∗OX(q)) = H
0(X, pi∗F(a) ⊗OX OX(q)). Hence, the
assertion follows.
(3) It follows from (3.2), the Serre-Grothendieck correspondence, and (3.1) that
Rjpi∗F(a) = 0 for 0 < j < r − 1 and R
r−1pi∗F(a) 6= 0.
Thus, by the projection formula, we have{
Rjpi∗(F(a)⊗OY pi
∗OX(q)) = 0 for 0 < j < r − 1,
Rr−1pi∗(F(a)⊗OY pi
∗OX(q)) 6= 0.
(3.3)
By Lemma 2.5, for q ≥ regpir−1(F(a)), R
r−1pi∗(F(a) ⊗OY pi
∗OX(q)) = R
r−1pi∗F(a) ⊗OX
OX(q) is generated by global sections. Therefore, by (3.3), we deduce that for q ≥ reg
pi
r−1(F(a)),
H0(X,Rr−1pi∗(F(a)⊗OY pi
∗OX(q))) 6= 0. (3.4)
Moreover, for q ≥ regpi0 (F(a)), we have H
i(X, pi∗F(a)) = 0 for all i > 0. Hence, by consider-
ing the Leray spectral sequence
E
i,j
2 = H
i(X,Rjpi∗(F(a)⊗OY pi
∗OX(q)))⇒ H
i+j(Y,F(a)⊗OY pi
∗OX(q)),
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(3.3) and (3.4) imply that, for q ≥ regpi∗ (F(a)), H
r−1(Y,F(a) ⊗OY pi
∗OX(q)) 6= 0, and the
result is proved. 
Corollary 3.12. Suppose that X = ProjA is equidimensional and the Rees algebra R =
A[It] of I is a Cohen-Macaulay ring. Let pi : X˜ → X be the blowing up of X along the ideal
sheaf of I, and let ωX˜ denote the canonical sheaf on the blowup X˜. Then, for q ≥ reg
(
(ωX˜)1
)
,
we have
HdimX(X˜,OX˜(−1)⊗OY pi
∗OX(q)) 6= 0.
Proof. Let D = dimX . Since R is Cohen-Macaulay, OX˜ is locally Cohen-Macaulay over X
and, by Lemma 3.6, we have a∗pi = −1.
Observe that for any closed point p ∈ X , SpecOX,p is an open subset of X , and so it is
of dimension D. It follows that Rp = A(p)[I(p)t] is a (D + 1)-dimensional Cohen-Macaulay
ring. Thus, rpi(OX˜) = D+1. By the same arguments as that of Theorem 3.11.(3), it can be
deduced that for q ≥ max{reg(pi∗OX˜(−1)), reg(R
Dpi∗OX˜(−1))},
HD(X˜,O
X˜
(−1)⊗OY pi
∗OX(q)) 6= 0.
It remains to show that pi∗OX˜(−1) = 0 and R
Dpi∗OX˜(−1) = (ωX˜)1. Indeed, as in the proof
of Theorem 3.11.(2), we have pi∗OX˜(−1) = (OX˜)−1. Since for every p ∈ X , Rp = A(p)[I(p)t]
has no elements of degree (−1), we get (O
X˜
)−1 = 0.
Let KR be the canonical module of R. Observe further that for any closed point p ∈
X , HD+1Rp+ (Rp)
∨ = KRp . Therefore,
[
HD+1Rp+ (Rp)
]
−1
∼= (KRp)1. Together with the Serre-
Grothendieck correspondence, this implies that
RDpi∗OX˜(−1)
∣∣
SpecOX,p
= (˜KRp)1.
Since KRp = (KR)p for all p ∈ X , we have R
Dpi∗OX˜(−1) = (ωX˜)1, and the assertion is
proven. 
Corollary 3.13. Assume the same hypotheses of Corollary 3.12, and suppose further that
the Rees algebra R = A[It] is Gorenstein. Then, for q ≥ reg(OX), we have
HdimX(X˜,O
X˜
(−1)⊗OY pi
∗OX(q)) 6= 0.
Proof. Since R is Gorenstein, we have KR = R(a
dimR(R)). It then follows from Lemma 2.8
that KR = R(−1). Thus, in this case, (ωX˜)1 = R˜(−1)1 = R˜0 = OX , and the result follows
from Corollary 3.12. 
Example 3.14. Let A = C[[x, y]] and let I = (x2, xy). Then R = A[It] is Gorenstein (cf.
[36]). It is also easy to see that reg(OX) = 0 in this case. Thus, for q ≥ 0, we have
H1(X˜,OX˜(−1)⊗OX˜ pi
∗OX(q)) 6= 0.
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4. a∗-invariant and regularity of powers of ideals
In this section, we will prove our main result on the a∗-invariant and regularity of powers
of a homogeneous ideal. We shall begin by recalling our setup throughout this section.
Setup 4.1. Let A be a standard graded algebra over a ring A0, and let I ⊆ A be a homo-
geneous ideal generated by (m+ 1) forms f0, . . . , fm of degree d > 0. Let X = ProjA ⊆ P
n
and let ϕ : X 99K Pm be the rational map defined by [f0 : · · · : fm]. Let X be (the closure of)
the image of ϕ. Then, X = ProjA0[f0t, . . . , fmt]. Let X˜ ⊆ P
n × Pm be (the closure of) the
graph of ϕ. Let pi : X˜ → X and φ : X˜ → X be the natural projection maps. As discussed
in Lemma 2.9, pi : X˜ → X is the blowing-up morphism of X along the ideal sheaf of I.
Remark 4.2. Let R = A[It] be the Rees algebra of I. Then, R is naturally equipped with
a bi-graded structure given by setting degR(x) = (degA(x), 0) for all x ∈ A and degR(fit) =
(d, 1) for all i = 0, . . . , m. That is, R =
⊕
p,q∈ZR(p,q) where
R(p,q) = (I
q)p+dqt
q.
Under this bi-graded structure, we can define
OX˜(p, q) = pi
∗OX(p)⊗O
X˜
φ∗OX(q).
For p, q ∈ Z, let R(∗,q) =
⊕
p′∈ZR(p′,q) and R(p,∗) =
⊕
q′∈ZR(p,q′). Then, these give R
natural Z-graded structures as an algebra over A = R(∗,0) and over B = A0[f0t, . . . , fmt] =
R(0,∗), respectively. Furthermore, R(∗,q) is a graded A-module, and R(p,∗) is a graded B-
module. Thus, we can construct coherent sheaves associated to R(∗,q) and R(p,∗) on X and
X , respectively.
Lemma 4.3. Let L = R˜(∗,1)OX˜ and let M = R˜(1,∗)OX˜ . Then, L = OX˜(0, 1) and M =
OX˜(1, 0) are twisting sheaves on X˜ when OX˜ is viewed as a sheaf of graded OX-algebras and
as a sheaf of graded OX-algebras, respectively.
Proof. The statement follows immediately from the described bi-graded and Z-graded struc-
tures of R in Remark 4.2. 
Lemma 4.4. Let A be a standard graded ring over a Noetherian ring A0 and let I ⊆ A be
a homogeneous ideal generated in degree d > 0.
(1) Let q > a∗pi. Then, for any p ∈ Z, we have
pi∗OX˜(p, q) = R˜(∗,q)(p) and R
jpi∗OX˜(p, q) = 0 ∀ j > 0.
(2) Let p > a∗φ. Then, for any q ∈ Z, we have
φ∗OX˜(p, q) = R˜(p,∗)(q) and R
jφ∗OX˜(p, q) = 0 ∀ j > 0.
Proof. Observe that for each p ∈ X = ProjA, OX,p = A(p) is the homogeneous localization
of A at p. Thus, (O
X˜
)p = A(p)[I(p)t]. This implies that [(OX˜)p]q = I
q
(p)t
q = (Iq)(p)t
q for all
q ∈ Z. Therefore, (OX˜)q = R˜(∗,q). Therefore, (1) follows by applying Theorem 3.11 to pi,
the twisting sheaf L = O
X˜
(0, 1) on X˜ , and the very ample sheaf OX(1) on X . In a similar
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fashion, (2) follows by applying Theorem 3.11 to φ, the twisting sheafM = O
X˜
(1, 0) on X˜ ,
and the very ample sheaf OX(1) on X . 
We are now ready to prove the main result of this paper.
Theorem 4.5. Let A be a standard graded algebra over A0 and let I ⊆ A be a homogeneous
ideal generated in degree d > 0. Let pi : X˜ → X be the blowup of X along the ideal sheaf of
I and let φ : X˜ → X be the natural projection onto its second coordinate.
(1) For all q > max
{
a∗pi, a
∗
(
R(a∗
φ
+1,∗)
)}
, we have
a∗(Iq) ≤ dq + a∗φ.
(2) For all q ≥ max
{
a∗pi + 1, reg
(
R˜(a∗
φ
,∗)
)
, regφ∗(OX˜(a
∗
φ, 0))
}
, we have
a∗(Iq) ≥ dq + a∗φ.
In particular,
staba(I) ≤ max
{
a∗pi + 1, a
∗
(
R(a∗
φ
+1,∗)
)
+ 1, reg
(
R˜(a∗
φ
,∗)
)
, regφ∗(OX˜(a
∗
φ, 0))
}
.
Proof. (1) By Lemma 4.4, for p > a∗φ and q > a
∗
pi, the following spectral sequences degenerate:
H i(X,Rjpi∗OX˜(p, q))⇒ H
i+j(X˜,O
X˜
(p, q))
H i(X,Rjφ∗OX˜(p, q))⇒ H
i+j(X˜,OX˜(p, q)).
Thus, for all i ≥ 0, p > a∗φ and q > a
∗
pi, we have
H i(X, R˜(∗,q)(p)) = H
i(X˜,O
X˜
(p, q)) = H i(X, R˜(p,∗)(q)). (4.1)
Observe that for q > a∗(R(p,∗)), it follows from the Serre-Grothedieck correspondence that
H i(X, R˜(p,∗)(q)) = 0 for all i > 0 and H
0(X, R˜(p,∗)(q)) = R(p,q). Moreover, for any p, q ∈ Z,
we have R˜(∗,q)(p) = I˜q(p+ dq). Therefore, for p > a
∗
φ and q > max{a
∗
pi, a
∗(R(p,∗))}, it follows
from (4.1) that H i(X, I˜q(p+ qd)) = 0 for all i > 0 and H0(X, I˜q(p+ qd)) = R(p,q) = [I
q]p+qd.
The Serre-Grothedieck correspondence then gives, for all p > a∗φ and q > max{a
∗
pi, a
∗(R(p,∗))},
a∗(Iq) < p + dq.
Now, choose p = a∗φ + 1 > a
∗
φ, we get that, for all q > max{a
∗
pi, a
∗(R(a∗
φ
+1,∗))},
a∗(Iq) < a∗φ + 1 + dq.
That is, for all q > max{a∗pi, a
∗(R(a∗
φ
+1,∗))}, we have
a∗(Iq) ≤ dq + a∗φ.
(2) As before, for q > a∗pi, the Leray spectral sequence
H i(X,Rjpi∗OX˜(p, q))⇒ H
i+j(X˜,O
X˜
(p, q)),
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degenerates, and so we have H i(X, R˜(∗,q)(p)) = H
i(X˜,O
X˜
(p, q)) for all i ≥ 0. That is, for
all i ≥ 0, q > a∗pi and p ∈ Z,
H i(X, I˜q(p+ dq)) = H i(X˜,OX˜(p, q)).
Moreover, by Theorem 3.11, we get that for q ≥ max
{
reg
(
R˜(a∗
φ
,∗)
)
, regφ∗(OX˜(a
∗
φ, 0))
}
,
either H0(X˜,O
X˜
(a∗φ, q)) 6= H
0(X, R˜(a∗
φ
,∗)(q)) = R(a∗
φ
,q) = [I
q]a∗
φ
+dq or H
i(X˜,O
X˜
(a∗φ, q)) 6= 0
for some i > 0. Hence, together with the Serre-Grothedieck correspondence, we now deduce
that
a∗(Iq) ≥ a∗φ + dq ∀ q ≥ max
{
a∗pi + 1, reg
(
R˜(a∗
φ
,∗)
)
, regφ∗(OX˜(a
∗
φ, 0))
}
.
The last statement of the theorem is a straightforward consequence of (1) and (2). 
The following example illustrates that the bound for q in Theorem 4.5.(1) is sharp.
Example 4.6. Let A = k[x, y] and let I = (x5, x4y, xy4, y5). It can be seen that for q ≥ 3,
Iq = (x, y)5q. Thus,
a∗(Iq) =
 6 if q = 110 if q = 2
5q − 1 otherwise.
This shows that a∗φ = −1 and staba(I) = 3.
Note that, as argued in Corollary 4.9 below, the Rees algebra R = A[It] is locally Cohen-
Macaulay over P1 = ProjA, and so a∗pi = −1. On the other hand, R(a∗φ+1,∗) = R(0,∗) = k[It],
and direct computation using Macaulay 2 [17] shows that a∗(R(0,∗)) = 2.
As an immediate consequence of Theorem 4.5, we recover a slight improvement of [11,
Proposition 6.7]. A large class of ideals which satisfy condition (1) of Corollary 4.7 is that
of ideals for which the Rees algebras are Cohen-Macaulay.
Corollary 4.7. Let A be a standard graded algebra over a ring A0 and let I ⊆ A be a
homogeneous ideal generated in degree d > 0. Suppose that either one of the following
conditions is satisfied:
(1) for every p ∈ ProjA, the Rees algebra A(p)[I(p)t] is Cohen-Macaulay; or
(2) for every p ∈ ProjA, reg(A(p)[I(p)t]) = 0.
Then, for all q > a∗
(
R(a∗
φ
+1,∗)
)
, we have
a∗(Iq) ≤ dq + a∗φ.
Proof. By Lemmas 3.6 and 3.9, we have a∗pi ≤ 0. The assertion follows from Theorem 4.5. 
When the a∗-invariant defect sequence is a non-increasing sequence, we obtain a bound
for the stability index staba(I) of I as follows.
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Corollary 4.8. Let A be a standard graded algebra over a ring A0 and let I ⊆ A be a
homogeneous ideal generated in degree d > 0. Suppose that the sequence {a∗(Iq)− dq}q≥1 is
a non-increasing sequence. Then, for all q > max
{
a∗pi, a
∗
(
R(a∗
φ
+1,∗)
)}
, we have
a∗(Iq) = dq + a∗φ.
Proof. By [19, Theorem 2.6], it is known that for all q ≫ 0, a∗(Iq) = dq + a∗φ. Thus, since
the sequence {a∗(Iq)− dq}q≥1 is non-increasing, we must have a
∗(Iq)− dq ≥ 0 for all q ≥ 1.
The conclusion now follows from Theorem 4.5. 
Corollary 4.8, particularly, recovers the equigenerated version of (1.2).
Corollary 4.9. Let A be a standard graded polynomial ring over a field k and let m be its
maximal homogeneous ideal. Let I ⊆ A be a homogeneous m-primary ideal generated in
degree d > 0. Then, for all q > a∗
(
R(a∗
φ
+1,∗)
)
, we have
a∗(Iq) = dq + a∗φ and reg(I
q) = dq + regφ .
In particular,
stabreg(I) = staba(I) ≤ a
∗
(
R(a∗
φ
+1,∗)
)
+ 1.
Proof. Since I is a m-primary ideal and A is a polynomial ring over a field, it is easy to see
that a∗(Iq) = a1(Iq) and reg(Iq) = a∗(Iq) + 1 for all q ≥ 1. By [16, Proposition 1.4], we now
know that the sequence {a∗(Iq)− dq}q≥1 is a non-increasing sequence.
Furthermore, since I is m-primary, for any p ∈ ProjA, I(p) = (1). Thus, OX˜ is locally
Cohen-Macaulay over X . This implies that a∗pi = −1. The statement then follows from
Corollary 4.8. 
Example 4.10. Let A = k[x, y] and let I = (x7, x6y, x4y3, x3y4, xy6, y7). It can be seen that
for q ≥ 2, Iq = (x, y)7q. Thus,
reg(Iq) = a∗(Iq) + 1 =
{
8 if q = 1
7q if q ≥ 2.
This shows that regφ = 0, a
∗
φ = −1, and stabreg(I) = staba(I) = 2.
As before, it can be seen that the Rees algebra R = A[It] is locally Cohen-Macaulay over
P1 = ProjA. This implies that a∗pi = −1. Direct computation using Macaulay2 [17] further
gives
a∗
(
R(0,∗)
)
= 1,R(−1,∗) = 0, and reg
φ
∗(OX˜(−1, 0)) = 1.
This example shows that the bounds for the stability indexes of I in Theorem 4.5 and
Corollary 4.9 are sharp.
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